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a Classification of magnetic materials

Any system may be characterized by its response to external stimuli. We shall be
concerned mainly with the response of substances to a magnetic field H. In this
case the "output" is the magnetization M and the response function is the
magnetic susceptibility y.

M=xyH, y=x(H,T)

. . -9 I
» Diamagnetic substances: ¥ < O, y A 10 molar susceptibility at room
temperature

« Paramagnetic substances: } > 0, ¥ = C/T, (curielaw);

y 10_2 molar susceptibility at room temperature




a Classification of magnetic materials

Strong magnetism: ferromagnetism, antiferromagnetism, ferrimagnetism.
X —> OO
*Spontaneous magnetization, phase transition at critical temperature.
TC’TN are  Curie and Neel temperatures for ferromagnets and

antiferromagnets (ferrimagnets) respectively.

«Paramagnetic behavior at high temperatures above critical temperature (Curie-
Weiss law)

x=C/(T-T,)

x=C/(T+86,)

for ferro- and antiferromagnetic materials respectively.
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o Bohr -Van Leeven theorem (absence of magnetism In
classical physics):

At any finite temperature, and in all finite applied electrical or magnetic
fields, the net magnetization of a collection of electrons in thermal
equilibrium vanishes identically.

Bohr (1911), Van Leeuwen (1919)

Quantization of energy levels (quantum mechanics ) is necessary for
magnetism!

Which interactions are responsible for strong magnetism?

2
x Magnetic dipolar interactions E, , ~ ﬂ—g ~10"erg are too weak
a

2

. : e : :
K Electrostatic interactions E, ~ — ~ 10*%erg fit to typical values
a

KT ~10"“erg; T_ ~1000K.




Hydrogen Molecule
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T\L, S =0, Sz =0 - «singlet» = Bonding
TT S=1] Sz =-10,1 - «triplet» |1HﬂU\

Anti-bonding




Hydrogen Molecule

. 1
T\L "Slng|9t" Xav W= (¢a1¢b2 + ¢a2¢bl);
\/2(1+ IZ)
. 1
™ "triplet”  y.; w, = ((Dal(ﬂbz —%2%1);
\/2(1— 17)

| = I¢al¢bldvl i1s “overlap” integral

A(r) = jwalwsz ¢a1¢b2dV1dV2 is electrostatic term
B(r) = jgoalgobZU qoazgobldvldvz is “exchange” term

U:e2(1+1—1—1j
rab IF12 ra2 rb1




Hydrogen Molecule
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HEITLER W.,, LONDONF. Wec hsel wirkung neutraler A
nach der QuantenmechanikZeitschrift fiir Physik — 1927. — B. 44. — C. 455-472.

HEISENBERG W. Zur TheoriedesFerromagnetismug/ Zeitschrift fiir Physik — 1928.-V.
49.— p.619 — 636.




Dirac’s vector model

Dirac in 1929 proposed spin Hamiltonian for H, molecule, equivalent to above
perturbation theory consideration for microscopic Hamiltonian

H=-J(NS,S,+E(r), S,=(5/25%.5%).5=%:

e

S=0;

3
s8)=5{[(s+ 97~ 8- 8)=3s6+0-3=) |
L

\

S =1.

Exact eigen values of Dirac’s exchange Hamiltonian are

E., = %J (N+E(r); E.= —%J (r)+E(r);

Here J (r) IS an exchange energy and E(r) IS an average electrostatic energy.
For H, J(r)<D0.

P. A. M. DIRAC, Quantum Mechanics of Masislectron SystemsProc. R. Soc. Lond.,
1929. -V.123. — P.714-733.




Dirac’s vector model

J(r)=E,, —E,; =2(B(r)-I?A(r)) /(1-1*)

1 3
E(I‘) :ZET‘L +ZETT

According to modern ideas the strong magnetism of solids exists due to
exchange interactions between electrons. It appears in those cases when the
crystal lattice includes the atoms with partly filled inner shells. Such materials
become spontaneously magnetized at rather low temperatures. This is one of the
examples of the cooperative phenomena. We can not neglect this interaction at
any reasonable approximation. So we have to solve many-body problem.

Mainly, the progress in this field is connected with the constructions of a large
number of lattice models. In these models, the magnetic interactions more of less
simplified. There are four main models for strong magnetism, such as Ising
model, Heisenbergmodel Hubbard model, s-d T model

10



From Dirac’s vector model to
Helsenberg exchange Hamiltonian

exchange:_Z:‘J S S S ( i ,J, ) %,1 A,

]
Jij = (| M=, |) are exchange integrals for pairs of localized spins.
Jij >0 corresponds to ferromagnetic case and Jij <0 corresponds to

antiferromagnetic one. J i decrease exponentially as a function of the atomic
distances.

Heisenberg exchange Hamiltonian is adequate only for insulators because it
takes into account only localized magnetic moments.

11



JFour main models for strong magnetism

Heisenberg exchange Hamiltonian for magnetic dielectrics

H=—gus HD S - ZJ S S,

i

\ )
| |

Zeeman energy Exchange energy

S :(Six’ S/, Siz)’ Jij :J(| =T, |)

g isLandeefactor, ugis Bohrmagneton

[H,(Zsiﬂ:o; EDRHE

Total momentum and z-projection of total momentum are good quantum numbers
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JFour main models for strong magnetism

Low temperature properties of Heisenberg ferromagnet
with nearest neighbor interactions (J > 0)

. Z
=—gugH Zsm —J Zsrﬁ Sm+5"
m m,s
Ferromagnetic ground state:

S:S., s =S;S. +SiS’ - +S.S° .

i(s S* . +S_ .S )+sn§sr;+g

=9
+iSy; S4[0)=0; H|0)=E_.q[0);
ground:_g;UBSHN \]S ZN S =NBS.

total

13



JFour main models for strong magnetism

The one magnon states for Heisenberg spin-s model (S, = Ns—1)
D) = (E s + )15 1) = S AS50)
(6—guH —2Jsz) A, +23s) A - =0;
A =N exp(ilZm(;;

g.=QuH + 2Js(z —;exp(ilzg‘)j.

I\

K is the quasi-momentum of “magnon” ( magnetic quasi-particle)

14



JFour main models for strong magnetism

The one magnon states for Heisenberg spin-s model.
Long wave limit:

k <<1, £~ g H +2Jsk?:
H =0, £ > 0.

1D spin -1/2 chain with nearest neighbors interactions.
One-magnon states for periodic boundaries.

(e—2uH -23)A, + I (A, +A,,)=0;
( A, = N exp(ikm);

) 271l
EZZﬂH—ZJ(l—COSk), (:W,IZO,].,N—]..

\

15



JFour main models for strong magnetism

The two magnon spectrum for 1D spin-1/2 Heisenberg chain

H[2) = (Eqoms +2)[2) [2) =" AnS,S, |0):

m=n

Am =explik(m+n)/2[f ;AL =AL;

9

f = AX'+Bx™"; e=4uH +4J {1—Cosg(x+1ﬂ;

(e—4uH -4J3)f +2] cosg( flo+f.)=0; 1>1

(e—4uH -23)f,+2J cosgf2 =0;

X

16



JFour main models for strong magnetism

The two magnon spectrum for 1D spin-1/2 infinite Heisenberg chain

Continuous spectrum.
Wave function obeys Pauli exclusion principle.

Eq=4uH +4] (1—cosgcosqj; x:exp(iq).

“Bound states”. Wave function decrease exponentially with the
distance between inverted spins and does not obey Pauli exclusion
principle.

& =4uH +J(1-cosk); |x]<1, x—real

17



JFour main models for strong magnetism

Two magnon spectrum for spin-1/2 infinite 1D chain (J > 0)
(e-4uH )/I

8

Continuous spectrum

Bound states

18



A Four main models for strong magnetism

The two magnon spectrum for 1D spin-1/2 finite Heisenberg chain
with periodic boundaries.

1 Kk 1
&, =4uH +4J|1-—cos—| Xx+—||;
o { 2 2( xﬂ

'A\nn _ A\1+Nm; (CleikN/Z _CZ)Xn—m +(CzeikN/2 _Cl)xm—n;

i _ikN/2. i 27T|.
C2 _ Cle kN/2 _ Cle kN/Z, ekN :1’ k — W,
I :—E,...,O,...,E—l for even N,
2 2
N -1 N -1

|=——,...,0,..,, T for odd N.

19



A Four main models for strong magnetism

The two magnon spectrum for 1D spin-1/2 finite Heisenberg chain
with periodic boundaries.

f =C1[x' +(—1)NxN"]; | =m-n;

Dispersion equation for x:

0.

X| 1+ (=) x" 2 | —cos(%'j[u ()" x" |

x =exp(iq)
1.|x|=1 qgis real;
2.| x|<1, xisreal, so g Is imaginary

PO




The two magnon spectrum for 1D spin-1/2 finite Heisenberg chain
with periodic boundaries.

21



A Four main models for strong magnetism

Bethe wave function (WF) (ansatz Bethe, 1931)
For two magnons WF consists of 2! = 2 terms:

Ahnz _C ( eik1n1+ik2n2+(%)izy12 + eil<2nl+i|<1n2+(%)iw21 )’ k1,2 ~k/27q;

_ . Wklk2 — ﬁ . ﬁ .

Ex, =€ T &k, 2ctg( > j_ctg(zj ctg(z),
— _ _ +

&, =2uzH -2 (1-cosk, ). o, -2 ION— Vio.

Thus, a two magnon state is described by two wave vectors and a phase shift.
There is refraction, but no scattering (back scattering).

Energy € is just the energy of two noninteracting magnons. Interactions are
included implicitly via the phase shifts.

22



A Four main models for strong magnetism

Bethe wave function (WF) (ansatz Bethe, 1931)

Bethe’s ansatz consists partly in the statement that in many-particle state, the wave
functions subject only be phase shifts that are simply given, as the sum of two-

particle shifts (there are only two-particle sollisions)
So, r-magnon WF consists of r! terms:

Avpn = Z:Pkl’k2 ’’’’’ . expi[kln1 +k,n,...+kn +1/ ZZZ%,,ktji

j< t

Ahnz---nr consists of a product over r plane-wave factors, summed over all
permutations of k’s with the y’s antisymmetric over their subscripts and satisfying
the equations

| k. 27p+ Y W,
2ctg (%} = ctg (?’)—ctg (ﬁj k, = P Zl Wik, |

2 N

N/2

E =igki; Erona = 0,6 =2[J[(N/4=NIn2).
i=1 i=1

23



EXACT RESULTS FOR HEISENBERG EXCHANGE MODEL

Spin-1/2 chain with anisotropic exchange

N N
H=-guHY S =D (3,885, +3,8)S), +J,8!S.,)
n=1 n=1
Ising model in longitudinal field (1925) (.J = J )

XXX-model: Bethe Ansatz (1931), Hulthén (1938) (J J =J, J)
Ising model in transverse field (JX #0,J,=J,= O)

XY-model:  Lieb, Shultz, Mattis (1961) (JX #J,,J, = O)
XXZ-model: Orbach (1958), Yang, Yang (1966) (JX = Jy + .JZ)

XYZ-model: Baxter (1972), Takhtajan, Faddeev (1981) (JX e Jy e JZ)

24



Spin-1/2 XY chain. ldeal gas of spinless fermions.

H = _ZIUBH isrf — i(‘JXS:S:ﬂ + ‘]ySr?SrE/H)
n=1 n=

Jordan-Wigner Transformation
n-1

Sy =S;+iS); Sy =[](1-2a/a)a; S, = aﬁﬁ(l—zaﬁa, );
I=1 I=1
S;=1/2-ala,; [a,.a,] =0,[al.al| =0,[a}.a,] =5

n-mn? i m,n*

Fourier transformation
1 i
a =—— > exp(ikn)a,.
"TIN Z p(ikn)a,

J +J J,—J
H=—-NuH +ZH2;¢H— X2 ycoskjalfakﬂ X4 ySink(aka—k_ajkaz)

25



Spin-1/2 XY chain. ldeal gas of spinless fermions.

After Bogholubov u-v transformation

a =UDb, +Vb'; U, =UV, =-V,;
a, =Ub, -V,b; U [P +]V, [F=1.

we get the Hamiltonian

.

2 2
H=Y & (bb -1/2), & =\/[2ﬂBH —(JlJ;JZ)cosk) - (J1_4J2) sin’k;;
k

z:Tr:exp{—($ﬂ; F=-TInZ: M:—a—F:E %tanh(ij;

oH 2<<'oH
Z=—6M; E=—T2—a (Ej; C=—6E.
oH oT \ T oT

26



Spin-1/2 XX chain. Quantum Phase Transition at T = 0.

J,=J,=J, ¢ =2uH-Jcosk]|;

y(l—garccoszﬂ—Hj, 2uH < J;
M(H)/N =< T J

| U, 2uH > J.

((Zﬂ)z arccoszﬂ—H 2uH < J;
Z(H)/N =1 7 g e

| 0, 2uH >J.

27



Spin-1/2 XX chain. Quantum Phase Transition at T = 0.

! i 1 i 211[{
06 0.8 10 J
A A A 2#I-I
06 08 10 g
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JFour main models for strong magnetism

* Lenz-Ising model (1925)

H——Zha ZJ 0,0, (o0=11)

i
Lenz-Ising formulatlon of the problem of ferromagnetism: spins are disposed at regular
intervals along the length of a onedimensionakhain. Each spin was allowed to take on
the values +1.

H——Zha ZJ c.0,..., (c,=x1)

Ernst Ising solved the 1D Ising model in 1925 and found that there is no phase transition
in the 1D model. With wrong arguments, he also concluded that 2D Ising models had no
phase transitions either.

1.E.ISING, Beitrag zur Theorie des Ferro- und Paramagnetismu®issertation Mathematisch-
Naturwissenschaftliche Fakultit der Hamburgischen Universitdt Hamburg, 1924 ( unpublished)
See: http://www.hs-augsburg.de/~harsch/germanica/Chronologie/20Jh/Ising/isi_intr.html
2.E.ISING, Beitragzur TheoriedesFerromagnetismy<Zeitschrift fir Physik 31 (1925) 253-258.

29
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JFour main models for strong magnetism

Ising model in two dimensions.

Second order phase transition in ferromagnetic case.

A milestone in the development of the modern Statistical Mechanics is the exact
solution of the 2D Ising model in a square lattice by Lars Onsager in 1944 in zero
magnetic field. .

- _ __l\
sinh(In(1+~/2) )T,
M=<1- ( ) > T = 2

T - (In@+42)

. J

Interestingly, Onsager wrote on a blackboard at a conference in 1949 the critical
exponent s =1/8. How he got the number remains mysterious since he did not
present any follow-up publication on that. The first published calculation of s=1/8

was due to C. N. Yang in 1952.

L.ONSAGER. Crystal statistics |I. A two-dimensional model with an order-disorder
transition Phys.Rev. — 1944, - V.65, NN 3-4. - P. 117-149 .

C.N.YANG Thespontaneousnagnetizatiorof a two-dimensionallsing model Phys.Rev. —
1952. - V. 85, NN 5. - P. 808-816 .
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JFour main models for strong magnetism

One-band Hubbard model

The Hubbard model, named after John Hubbard, is the simplest model of
interacting particles in a lattice, with only two terms in the Hamiltonian: a kinetic
term allowing for tunneling (“hopping”) of particles between sites of the lattice
and a potential term consisting of an on-site interaction.

H = Z tu(ama m+1c7_l_hC)_l_uza‘;raa‘laa‘;r Gal —o

<, j>0

Was proposed by Gutzwiller (1963), Hubbard (1963)
Exact solution for 1D chain with Hamiltoinan

N
T T
_tZ( m,o m+1a+h'c')+uzamoamaam aam -0
m:

m=1,c

Lieb , Wu (1968), Ovchinnikov (1970)
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JFour main models for strong magnetism

s-d model

H= Y t,(al, m+1g+h.c.)+JZSi§

<, j>o

Was proposed by Vonsovskiy in 1946.

The first term represents conduction electrons (s-electrons in the original model)
hopping from site i to site ] The second term contains localized spin operators S
(corresponding to the d-electrons in the original model) and spin operators s; of a
conduction electron that interacts with the localized electron S, , J (ferromagnetic
Interaction).

The s-d model is only exactly solvable in one dimension using the Bethe ansatz ,
as Andrei and Wiegmann showed independently (1980). The s-d model consists of
a lattice of paramagnetic impurities that interact with conduction electrons.
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